We consider a sequence {#n} of (nonnegative) measures on a general measurable space (X, %). We establish sufficient conditions for setwise convergence and convergence in total variation.
Introduction
Consider a sequence {#n} of (nonnegative) measures on a measurable space (X,%) where X is some topological space. Setwise convergence of measures, as opposed to weak* or weak convergence, is a highly desirable and strong property. If proved, some important properties can be derived (for instance, the Vitali-Hahn-Saks Theorem) and thus sufficient conditions ensuring this type of convergence are of interest. However, as noted in [2] , in contrast to weak or weak* convergence (for instance, in metric spaces), it is in general difficult to exhibit such a property, except if e.g., #n is an increasing or decreasing sequence (e.g. [2] , [4] ).
The present paper provides two simple sufficient conditions. Thus, for instance, in a locally compact Hausdorff space, an order-bounded sequence of probability measures that is vaguely or weakly convergent is in fact setwise convergent.
We also establish a sufficient condition for the convergence in total variation norm that is even a stronger property.
Notations and Definitions
Let (X,%) be a measurable space and let Agb(X) denote the Banach space of all bounded measurable real-valued functions on X equipped with the sup-norm. Let S be the positive (convex)cone in dlb(X). Let db(X)' be the (Banach) topological dual of Ab(X) with the duality bracket (-,-) between ..&b(X) and .dtb(X)'. .A'bb(X)' is equipped with the dual norm 9 I" sup II ] II i 1(9 , f) l. Let S' E db(X)' be the positive cone in db(X)', i.e., the dual cone of S E .AIb(X). Convergence in the weak* topology of ttb(X)' is w, denoted by --,. If X is a topological space, then C(X) denotes the Banach space of all realvalued bounded continuous functions on X, and if X is locally compact Hausdorff, Co(X (Cc(X) resp.) denotes the Banach space of real-valued continuous functions that vanish at infinity (with compact support, resp.).
In the sequel, the term measure will stand for a nonnegative a-additive measure and a set function on % with the finite-additivity property (and not necessarily the radditivity property) will be referred to as a finitely additive measure. Let M(X) be the Banach space of signed measures on (X,%) equipped with the total variation norm I" Ty, simplydented I" I.
Note that M(X) C Jb(X)' and for every f .Alb(X), # M(X), f fd# (#, f) Proof: (i) Since supn#n(X < oc, the sequence {#n} is in a weak* compact set in Jb(X)'. Thus, there is a directed set D and a subnet (not a subsequence in general) {#n ,a D} that converges to some 0 < in Jb(X)' for the weak* topology in dtlbX)', and is a finitely additive measure. From (3.2) (ii) As #n < V for all n, the sequence {#n} is in a weakly sequentially compact set of M(X). Indeed, for all n, #n are norm-bounded and the r-additivity of #n is uniform in n (if Ak0 V(Ak)0 so that #n(Ak) < (Ak))---,0 uniformly). Therefore, 
